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I. INTRODUCTION 
The problem of cavity flows received attention ear ly  in the development 
of hydrodynamics because of i t s  occurrence in high speed motion of solid 
bodies in water. Many previous works in this field were mainly concerned 
with the calculation of drag in a cavitating flow. The lifting problem with a 
cavity (or wake) a r o s e  la ter  in the applications of water pumps, marine pro- 
pellers, stalling airfoils,  and hydrofoil crafts.  Although several  formula- 
tions of the problem of lift in cavity flows have been pointed out before, 1-3 
these theories have not yet been developed to yield general results  in ex- 
plicit form so that a unified discussion can be made. 
The problems of cavitating flow with finite cavity demand a n  extension 
of the classical  Helmholtz free boundary theory for which the cavity i s  in- 
finite in extent. F o r  this purpose, several  self-consistent models have been 
introduced, a l l  aiming to account for the cavity base pressure  which i s  in  
general always l e s s  than the f ree  s t ream pressure.  In the Helmholtz- 
Kirchhoff flow these two pressures  a r e  assumed equal. 
Of a l l  these existing models, three significant ones may be mentioned 
here. The f i r s t  representation of a finite cavity was proposed by Riabouchinsky 4 
in which the finite cavity is obtained by introducing an i f h a g e l l  obstacle down- 
s t ream of the rea l  body. A different representation in which a reentrant jet 
is postulated was suggested by Prandtl, Wagner, and was la ter  considered by 
5 Kreisel  and was further extended by Gilbarg and Serrin. Another represen- 
tation of a f ree  streamline flow with the base pressure  different f rom the free 
s t r eam pressure,  was proposed recently by Roshkoe6 In this model the base 
pressure  in the wake (or  cavity) near the body can take any assigned value. 
F r o m  a certain point in the wake, which can be determined f rom the theory, the 
flow downstream i s  supposed to be dissipated in such a way that the pressure 
increases  gradually f rom the assigned value to that of the f ree  s t r eam in a 
s t r ip  parallel to the f ree  stream, Apparently this model was also considered 
7 independently by Eppler in some generality, Other alternatives to these 
models have also been proposed, but they do not differ so basically f rom the 
above three models that they need to be mentioned here specifically, The 
mathematical solutions to the problem of flow past a flat plate se t  normal to 
the s t ream have been carr ied  out for these three models9" All the theories 
a r e  found to give essentially the same resul ts  over the practical range of the 
wake underpressure, That such agreement i s  to be expected can be indicated, 
without the detailed solutions for the various rnodels,from consideration of 
their underlying physical significance, a s  will be discussed in the next section. 
In the present work the f ree  streamline theory i s  extended and applied 
to the lifting problem for two-dimensional hydrofoils with a fully cavitating 
wake. The analysis is ca r r i ed  out by using the Roshko model to approximate 
the wake far  downstream. The reason for using this model i s  mainly because 
of i t s  mathematical simplicity a s  compared with the Riabouchinsky model, o r  
the reentrant  jet model, In fact, it can be verified that these different models 
all yield practically the same result, a s  in the pure d rag  case; the deviation 
f rom the resul ts  of one model to another i b  not appreciable up to second o r d e r  
smal l  quantities. The mathematical considerations here, a s  in the classical  
theory, depend on the conformal mapping of the complex velocity plane into 
the plane of complex potential, By using a generalization of Levi-Civitats 
method for  curved b a r r i e r s  in cavity flows, the flow problem for curved hydro- 
foils is finally reduced to a nonlinear boundary value problem for an  analytic 
function defined in the upper half of a unit circle to which the Schware's prin- 
ciple of reflection can be applied. The problem i s  then solved by using the 
expansion of this analytic function inside the unit c i rc le  together with the boun- 
dary  conditions in the physical plane. In o rder  to avoid the difficulty in deter-  
mining the separation point of the free streamline f rom a hydrofoil with blunt 
nose, the hydrofoils investigated here a r e  those with sharp leading and trail- 
ing edges which-are assumed to be the separation points. Except for this limb 
tation, the present  nonlinear theory is applicable to hydrofoils of any geometric 
profile, operating a t  any cavitation number, and for  almost  a l l  angles of attack 
as long a s  the wake has a fully cavitating configuration. 
As two typical examples, the problem is solved in explicit form for the 
circular  a r c  and the flat plate for which the various flow quantities a r e  ex- 
pressed by simple formulas. F r o m  the final resul t  the various effects, such 
as that of cavitation number, camber of the profile and the attack angle, are 
discussed i n  detail. It is also shown that the present  theory is in good agree-  
ment with the experiment.. 
11. REMARKS ON MODELS IN. F R E E  STREAMLINE THEORY 
The total force (drag and lift for two-dimensional flows) exerted by the 
fluid on a solid body may of course be expressed a s a n  integral of the local 
force, which consists of both the pressure  and viscous s t r e s s e s  over the su r -  
face of the solid, However, i t  i s  also possible to express  the total force in 
t e r m s  of integrals over surfaces a t  a d i ~ t a n c e  f rom the body by applying the 
momentum theory. In the case  of the rea l  fluid flow past a bluff body( experi- 
mental observations indicate that the discontinuous surfaces in the flow, o r  
f r ee  streamlines, a r e  actually thin shear layers, into which the vorticity is 
fed from the boundary layer in  front of the separation point. The shear layers  
in  general do not continue smoothly far  downstream, but ro l l  up to form 
vortices, alternately on each side with a certain frequency. These vortices 
diffuse rapidly and a r e  eventually dissipated in the wake. With a constant 
upstream velocity, the wake flow i s  thus only stationary in the mean. Because 
of this complicated wake flow, i t  seems ra ther  frui t less to apply the momentum 
theory which requires a detailed consideration of the f ree  streamlines a t  in- 
finity, A more  real is t ic  way to formulate the problem is thus to obtain a 
solution which i s  accurate near the body by taking appropriate consideration 
of the cavity pressure. It i s  physically plausible that the detailed structure 
of the wake far  downstream has indeed negligible influence upon the flow field 
near  the body. Consequently, one may represent  the dissipative wake flow 
by an equivalent model of potential flow, i f  properly chosen.. 
The general character  of cavity flows depends on the value of the cavita- 
tion number cr which is defined by 
where P denotes the p ressure  of the undisturbed f ree  stream, U is its 
relative velocity, p i s  the fluid density, and pb i s  the pressure  of the vapor 
o r  gas in the cavity. Physical cavities usually have finite length and positive 
eavttation nurnbet (a> 0, o r  po< P). 8ome mathematical formulations have 
been suggested previously to investigate the possibility for obtaining the 
solution of ateady cavity flowo af ideal fluid satisfying the following conditionst 
(i) the cavitation number l a  g r ~ l t e r  than eero, a>O, o r  p,( .I? :
(ii) the cavity pressure  i s  uniform throughout the cavity 4 
(iii) the p ressure  of the fluid is nowheee l e s s  than the cavity pressure  1 
(iv) the pressure  is continous across the cavity bo~nda ty .  
The firat hnro conditions are imposed because of theit physical reality 
(o = 0 case i e  physically unreal). The third condition follows f rom the paten.. 
t ial flow theory that the veiocity cannot have a maximum in the interior of the 
flow field. The l a s t  condition states that the interface between two phases af 
fluid cannot withstand any pressure jump. I t  then follows f rom (ii) that the! 
f ree  streamlines a r e  surfaces of conetant velocity; also, (iii) always implies 
that the cavity boundary is convex towards the interior  flow. Application of 
Bernoulli's equation with condition (iii) shows that the velocity i s  maximum 
on the cavity boundary. It should be noted that these conditions differ only 
in (i) f rom the classical  theory, for which o = O (or  pw= P), corresponding 
to an infinitely long cavity. If the flow is res t r ic ted  to be everywhere poten- 
tial flow, then the cavity cannot have finite length for ~ 2 0 .  For  i f  the 
cavity were to close up a t  the r e a r  end by itself, then the free streamlines 
f rom two sides of the body shauld meet  either a t  a stagnation point from 
opposite directions o r  with a cusp in the downstream direction. The f i r s t  
conjecture contradicts (ii), while the second alternative violates (iii). Though 
the streamlines may reverse  in direction and form a reentrant  jet, as often 
observed, the jet cannot terminate in  the physical plane. The above argument 
indicates the need of models of potential flow to represent  the dissipative 
wake downstream i f  the formulation of the problem i s  to be retained within the 
scope of potential theory, 
Now the problem of flow past a two~dimensional  flat plate se t  normal. to 
the stream, forming a finite cavity, shall be reviewed to exhibit the charac- 
1 
ter is t ics  of *these models. In the model of Riabouchinsky, a n  image plate A 
(see Fig, la) i s  put downstream of the r e a l  plate A, The f ree  streamlines 
0 
run f rom A to A and the flow field is assumed irrotational everywhere, 
The total force on the pair of plates then vanishes, but the calculation of the 
drag on A alone yields the following approximate expression for the drag 
coefficient: 
q ( I  t r + [ ~ 4 ) j ' ~ ~ ]  CJQJ (its) C,W (2.2) 
where ~ ~ ( 0 )  = 2a/(4 + n) = 0.88 i s  the classical  Helmholtz solution for 
a = 0. The physical significance of the image plate can perhaps be justified 
by the following argument. In a coordinate system where the fluid a t  infinity 
t 
i s  a t  rest ,  the force holding A does an  amount of negative work, equal to 
W = - DU, where D i s  the drag on A and U is the speed of the traveling 
plates. The coefficient of work defined by Cw = w/(; p u31), where 1 i s  
the plate width, then equals -CD. NOW if the wake i s  approximated by a 
vortex s t ree t  and CD be calculated from the vortex energy shed into the 
wake, the result  i s  (see  Ref. 10, p. 557) 
where U i s  the spacing between consecutive vortices in the same row and 
U i s  the receding velocity of the vortices relative to the undisturbed flow. S 
If the a i r  i s  taken to be the fluid medium (because of more data available in 
this case), the measured underpressurel  corresponds to o = I, 2 for which 
Eq. (2.2) gives CD = 1.93. F o r  the same flow, ~ e i s e n b e r ~ "  showed, by 
w i n g  some representative experimental values, that Eq. (2,3) yields 
CD = 1.82. Thus, the work done by the image plate, even though i t  does 
not exist in reality, provides a good representation of the energy shed to the 
wake, which should be removed f rom the flow if the flow i s  assumed to be 
potential. I t  should be noted that the resul t  Eq. (2.2) together with the assumed 
t 0 
flow configuration actually imposes on A a certain restr ict ion that A must 
be of the same ' she  a s  A. Now when asymmetric bodies, such a s  the lifting 
plate, a r e  considered, a question a r i s e s  whether the image body should be 
in  symmetry with respect  to a plane normal to the s t r eam o r  only to a point 
in the cavity. In the former  case, the physical reasoning suggests that a 
circulation around the cavity i s  necessary to generate a total lift on the pair 
of bodies; while in the later  case, the potential i s  continuous everywhere in  
the fluid. A clarification of this vague point certainly seems necessary. 
In the reentrant  jet model, the f ree  streamlines reverse  direction a t  
the r e a r  of the cavity to form a jet which flows upstream in the cavity (see 
Fig. lb) and is supposed not to impinge on the rea l  body but is removed 
mathematically by allowing i t  to flow on a second Riemann sheet in the physi- 
cal  plane to infinity. Thus, in the original physical plane, the point infinity 
ac t s  like a doublet plus a source, while the jet represents  a sink. Physically, 
the jet momentum carr ied  away from the f i r s t  sheet is then closely associated 
with the energy dissipated in the wake. F o r  even though the jet can usually 
be observed, i t  is rather weakened by the turbulent mixing, a t  least  i t s  ob- 
served width i s  much smaller  than i t s  theoretical value. F o r  the flat plate 
flow, the theory yields for cD(o) the same formula a s  Eq. (2.2), the jet 
width i s  0.22 (1  t u/4) of the plate width. In the lifting problems, i t  can be 
shown f rom consideration of momentum that the jet will turn in  direction and 
eventually flow towards the downstream on the second sheet for small  enough 
attack angles, 
In Roshkots dissipation model, the flow past a bluff body is considered 
in  two parts. Near the body it is described by the f ree  streamline theory to 
allow a possible adjustment of the underpressure. The flow farther  downstream 
is described by an equivalent potential flow so that i t s  pressure  increases  
continuously to the free s t r eam value as it approaches infinity in  a s t r ip  
parallel to the f ree  s t r e a m  (see  Fig. IC) .  In this manner, the actual dissi-  
pative wake flow is represented; the detailed mechanism according to which 
the flow i s  dissipated is immaterial ,  Thus, i t  can be seen that this model is 
actually closer  to the physical fact than the other models for the a i r  flow past 
bluff bodies. However, this model applies equally well to cavity flows i f  the 
wake in front of the dissipation range is considered to be the front half of 
the cavity. By using this theory, the solution of cD(a-) on the flat plate 
differs f rom the previous two solutions, Eq. (2.2), only slightly by a t e rm 
2 
of O(o ). Moreover, for  the lifting problems, the assumption that the dissi-  
pative wake is par,allel to the f ree  s t r eam is st i l l  physically sound and hence 
needs no further modification. 
To summarirse, a l l  these models have one essential  feature in common: 
they a r e  aimed to give a satisfactory description of the flow near the body by 
making possible an adjustment of the base pressure  and thereby removing 
a serious limitation in the clasrsical theory, F o r  this reason, i t  should not 
be expected that these solutions of the flow field shall describe the wake f a r  
downstream. The freedom of adjusting the base pressure,  therefore, yields 
a family of salutiosns containing o m  parameter which can be expressed ha 
terms of o. For pure drag problems, the ag~eement of these theories in 
that they a l l  yield the result  Eq, ( 2 . 2 )  can be explained also f rom considera- 
tion of the hodograph involved (see Fig. 1 and Refs. 1 2 4  3). However, it  
should be pointed out that for lifting problems the linear relation in  o tor  
CL and CD S U C ~  a s  given by Eq. (2.2) becomes invalid for moderate and 
small attack angles as will. be shawn by the present  analysis. Consequently, 
the problem of calculating CL(u) and CD(a) cannot be reduced to the calcu- 
lation of C (0) and C (0) for a given geometric configuration, a s  i s  usually L D 
dame in pure drag  problems, 
With respect  to the mathematical details ihvolved in  the analysis, these 
models differ in simplicity to some extent, especisllly far  the lifting case. Pn 
Riabouchinsky's theory, some numerical integration containing elliptical in- 
tegrals  a r e  required. Although the results  obtained by using the reentrant  
jet model a r e  expressible in t e r m s  of elementary functions, the Roshko model 
i s  still  simpler in many respects. 
111. FORMULATION O F  THE PROBLEM 
The f ree  streamline theory is applied here to investigate the steady, 
two-dimensional flow at a given attack angle a past a hydrofoil with a fully 
cavitating wake. The leading and trailing edges of the hydrofoil a r e  assumed 
lo be sharp  and the flow configurations concerned a r e  such that f ree  stream- 
lines separate f rom the hydrofoil a t  these sharp  edges, but otherwise the 
wetted side of the hydrofoil may have any continuous profile, After the cavity 
is fully developed, the thickness of the hydrofoil has no effect on the flow and, 
therefore, the hydrofoil will be assumed to be of zero thickness. The Roshko 
model (see previous sections) will be used to approximate the wake tar  
downstream. The flow in  the physical space (or e-plank, where z = x+ iy 
with x parallel to the free s t ream) is shown in Fig. 2. Outside Lhe wake the 
flow is assumed to be everywhere irrotational. Thus, f rom elhe complex poten- 
the complex velocity w can be derived a s  
- i e  wt) = d ~ / d z  = N - i v = q e  
where 9 , 8  a r e  the magnitude and direction of the velocity field, Here, the 
velocity a t  separation i s  normalized to q =  1, and remains a t  this value along 
t 
the free streamlines until the Latter reach points D and D where 8 = 8. 
Downstream of these two points, the  free streamlines keep parallel to the f ree  
t t i  
s t ream on DE and D E along which q decreases  f rom unity back to the 
f ree  s t ream value U, In o rder  that the cavitation numbet of the flow be t~ 
t (see  Eq. (2. 1) for i t s  definition) with q =  1 on AD and BD , U takes the 
value ( 1  + o - ) - ~ / ~ ,  a s  can be shown by applying Bernoullits equation 
The mathematical problem can be treated by finding the conformal t t ans -  
formation which maps the W-plane into the w-plane. F r o m  this relation the 
physical plane can be deduced by an integration 
We introduce to W a transformation in 4 which i s  given by 
where 
and bl and bZ .are two positive quantities defined by 
This transformation maps the entire flow in the W-plane into the interior  
of the upper semi-circle of unit radius in the &plane. The bar r i e r  ACB 
corresponds to the semi-circle 1 = 1, 0 S a w and the f ree  s t r eam-  
r P t 
l ines ADE and BD E map  on to the two halves of the diameter along the 
r e a l  axis. The approaching streamline EC leaves 5 = 0 perpendicular to 
the r e a l  axis and approaches C along the direction a r g  4 = n - P. 
Because of the way the nonlinear boundary conditions a r e  specified in  
the z-plane (that is,  with 0 described on the b a r r i e r  and q given on the f ree  
streamlines), we introduce the variable 
The flow in the @-plane i s  sketched in Fig. 2. The jump in the r e a l  component 
8 of tr) a t  C, where 2 = - oo, follows f rom the fact that the two branches of 
the streamlines a t  the stagnation point C in the e-plane a r e  orthogonal, The 
0 
notch DED in  the QI -plane resul ts  f rom the assumption introduced in this 
1 
model. At E, WE = - i €  where E = z l o g ( l +  a). This notch can be removed 
by the transformation 
It should be noted that the present case (o> 0) differs h o r n  the classical  
theory (o= 0) only by the l a s t  transformation. When (F= O1 n and -W be- 
come identical and the problem reduces to the classical  Levi-Civita problem. 
I t  follows f rom the jump condition of R(c )  at Cc = 8 " - @ I  that the 
analytic function n(c) has a logarithmic singularity a t  Cc and is regular 
elsewhere within the serni-circle, Moreover, we note that R(4) is rea l  for  
real 4 , and therefore the function n(C) can be continued analytically over  
the lower half of the unit circle by applying Schwerds principle of symmetry. 
Mare precisely, since n(0) = 0, we may expte ss the function fl(+$) by 
The first term on the right-hand side represents the singular part of n(4) 
while the series denotes the expansion of an analytic function, regular and 
hence convergent, in and on the unit circle. The coefficients, Ants, are 
real and can be determined in principle from the geometry of the barrier AGB 
(see Sec. 4). Near the origin, we have 
On the barrier, where < =  eir, 0 , we have 7 
where = 0 for 0 Q < ( r r - ~ )  and Po= -n for (a-~)<? I n. Now from the 
0 
definition of o and the expression of W in terms of <, ( 3  1 ,  the physical 
plane ~ ( 1 ; )  can be obtained by integrating 
which, in particular, reduces on the wetted wall, 4 = e i l ,  to 
The arc length of the barrier along CA or CB can be determined from 
end the total length of the wetted wall is then 
The radius of curvature of the ba r r i e r  is given by 
If X denotes the drag, Y , the lift, then i t  can be shown that the force is 
given by (e. g. Ref. 14, p. 305) 
where the contour for  the integral is ( 4 I = 1. Likewise the moment M of the 
force about the stagnation point C, poeitive in the sense of nose-down, i a  
found to be 14 
the integration is taken around the semi-circle BCA in  the 4 -plane. The 
above integral cannot be reduced to one on a closed contour, and, therefore, 
must  be evaluated separately, 
TRe above formulas a r e  merely  formal representations of various physi- 
ca l  quantities. T h e  magnification factor b for- the physical plane may be 
eliminated f rom Eqs0 (3.8) -(3.10). If the boundary value ~ ( s )  is applied to 
these two resulting equations, an identity containing a l l  the coefficients A, 
in the parameter  of can be obtained. F r o m  this identity the coefficients 
A can, a t  leas t  in principle, be determined. The factgr b can then be ex-  
n 
pressed by (3.9) in terms of the wall length 9, and in  turn, X, Y, M can 
be calculated from Eqs. (3.11), (3.12). In practice, however, to determine 
the coefficients An f rom the identity would necessitate some expansion of 
the functions of involved in the identity into series.  This procedure leads 
to infinitely many transcendental equations in infinitely many unknowns. Ia 
order to obtain the general resul t  in  explicit form with sufficient accuracgr, 
the analysis i s  ca r r i ed  out by replacing the expansion in Eq. (3.3) by the three 
leading t e rms  only, that is, 
Pb two particular points are suitably chosen on the a r c  ACB a t  which the 
boundary values of R and B a r e  applied, we get four transcendental equa- 
tions f rom which the four unknowns, P, A1, A2, and A3 can be deter-  
mined, 
and the 
cuPa te d 
expressible in t e r m s  of the 
profile shape, The resk of 
a s  shown below, 
cavitation number a, the attack angle a, 
the physical quantities can then be cal- 
a. Lift and Drag 
In the integral representing the force, given by Eq. (3.1 I), the integrand 
has inside the contour I <I = 1 only one pole a t  < = 0, but has, in  addition, 
two branch points at n =  & 6 . Besides, the function 0 (4) in the integrand 
Ras on the contour a logarithmic singularity at C and its conjugate point in 
0 
the < -plane. Thus, if *a branch cut is introduced f tom D to D along the 
real axis in both the <- and fl-planes and two other branch cuts  from C to 
i t s  conjugate outside of the unit circle in < -plane (see Fig. 2 ) ,  the in- 
kegrand is then one valued inside and on the contour in the cut plane. In 
practical applications, the values of the cavitation number o usually fall in 
2 the range 0 < o <  l, corresponding to O < E  < 0. 1231 which can therefore 
be considered srnaii. Mo~eover,  the modulus (fl I is always greater  than 
t: on the contour. Therefore, the exponential function in Eq. (3.11) can be 
2 
expanded in t e r m s  of the smal l  quantity C a 
4 * It can be verified that the t e rm of 0( E ) has indeed negligible value and thus 
may be omitted. Upon substitution of E ~ s .  (3 .13) ,  (3. 14) into (3.1 I), the 
resulting integral is of the form to which the theorem of residues can readily 
be applied. F r o m  the residue of the integrand a t  < = 0, one obtains the 
following re sult : 
In Eq. (3.16) the quadratic t e r m s  in A2 and A3 a r e  omitted because their 
contribution is negligible. It should be remarked here that Eq. (3.16) i s  
valid when the denominator, (sin P + ~ ~ / 2 ) ,  of the l a s t  term is greater than 
zero, implying further that the drag X is always positive definite. For, i f  
this quantity vanishes, then the expansion of n(5)  near  4 = 0 (see Eq. 
(3 .4 ) )  s ta r t s  with c 2  and hence the mapping fa i l s  to be conformal at < = 0, 
indicating that the flow configuration i s  basically different from what is being 
considered. If this quantity becomes negative, then the function fl ( c )  changes 
its branch, implying physically that the cavity shifts sides on the ba r r i e r  so 
that different boundary conditions should be used. With the modified boundary 
conditions, the present formulation, however, would remain valid. 
The factor bZ in the above equation can be expressed in t e r m s  of the arc 
length S of the barr ier .  To evaluate the integral representing S in (3 .9 )#  we 
f i r s t  expand exp(-2) in a way similar  to that in (3. 14), 
where fl (&)  = @(?) + i T(y), and 8, T a r e  given in Eq. (3.5) with 
A4 = A5 = . . a = 0. Substituting Eq. (3. 17) into (3.9),  we obtain 
in which the higher o rder  t e r m s  of An a r e  neglected. The function T / ( @ ~ + T ~ )  
is positive and, a s  can be shown, i s  bounded above by a constant of o rder  unity, 
which depends on the value of @ a t  B but i s  independent of E . Hence the 
2 
contribution f rom the t e rm of 0( E ) i s  very small  relative to the f i r s t  o r d e t  
te rm,  Carrying out the integration, we finally ob'tain 
F o r  a flat plate se t  a t  an  angle a, moving a t  the idealized limiting con- 
dition o = 0 ( E = O), the coefficients A's al l  vanish, a s  required by the condi- 
+ 
tion of conformal mapping, and P = a (see Eq. (3.5b)), then Eqs. (3.15), (3.16) 
and (3. 18) reduce to the classical  resul t  for  an oblique lamina (see Ref. 15. 
b. Moment of Force;  Stagnation Point; Center of Pressure 
Applying a similar  approximation, a s  described in Eq. (3. I?), to Eqs. 
(3.  12) and (3. ?), and  further neglecting A3, we obtain 
where 
We then substitute the integral for  z ( 7 )  into the former  expression, decom- 
pose accordingly the interval into two parts: 0 < 1 5 n-fl and n-p 2 g n, 
and then interchange the order  of integration so that the limits of integration 
further  simplify the involved manipulation, After some tedious integrations, 
which are otherwise straightforward, we finally obtain 
If a profile symmetrical  with respect  to the central  chord i s  se t  with i t s  chord 
normal. to the f ree  stream, then p = T/Z due to symmetry (see Fig. 2). 
Furthermore,  A2 should vanish because in this case 0 (4) is necessarily 
a n  odd function of < (see  Eq. (3.i3)). It then follows from Eq. (3.19) that the 
moment M about the stagnation point, which is now a t  the central  chord, 
vanishes a s  i t  should be expected, 
Because of the indefinite location of the stagnation point, the moment of 
force is usually calculated or measured referring to a fixed point. Hence, we 
derive here the moment Mo about the leading edge. This further requires 
the talculakm of the position of stagnation point. Denote the distance along 
the wall from the stagnation point to the leading edge by So; then So can be 
calculated from Eq. (3.8)  by letting the lower limit = a. Proceeding in s 
manner similar to that described for the equation previous to (3.  181, we ob- 
tai n 
8 S, 2 &b2j ( I  +A,&@ - f l A . ~ i n 0 +  t A l a j i 3 8 )  [ ~ - c a ( ~ t p ? ] a ; ~ d ~  
0 
which finally leads to 
+ A z  (&my3 tk~zirl~p - a h J $ )  
+ -& ~ , & p  [ C M ~  ( 2  + h 2 p  + $4 h4(3)~&) 
The factor b2 can be eliminated by using Eq. (3 .  18) to give 
Again, for a symmetric profile normal to the free stream, f3 = a/2( and 
AZ = 0, it  can be verified from Eqs. (3 .18 )  and (3.20)  that p = 1/2. For 
small values of p (forresponding to small a, as can be seen from Eq. (3.5b), 
Eq. (3 .21)  reduces to 
which shows that the stagnation point is  extremely close to the leading edge 
for small angles of attack. 
Knowing the position of the stagnation point, the moment Mo about the 
leading edge then becomes, for profiles of small camber, 
Having obtained Mo, we can determine the location of the center of 
pressure,  measured f rom the leading edge, to be approximately a t  
SI = M ~ / ( Y Q + A + x ~ ~ ) ,  
or, in percentage of the chord, 
Now, consider again a symmetric profile normal to the f ree  stream, 
a = p = * / 2 .  W e  have shown before that p = 1/2 and M = 0, hence v = 1/2. 
For smal l  values of a (p is also small  a s  previously explained), Eq. (3.22) 
2 
states that p is very small;  Eq, (3.16) reduces to Y S  T p b (P+ A~ t A ~ / Z ) ;  
4 5 2 Eqo (3.18) gives $g4b2; and M"= 2sb p [ g ( p + ~ 1 + ~ t / 2 )  t T ( A 1  + ~ A ~ ) J  
f rom Eq. (3. 19). Thus, for  small  a and a, we have approximately 
( A ~ + z A ~ ) / @  + A ,  + A h )  f Op) .  " 6t.8 (3.26) 
Hence the center of pressure  ranges from 5/16 to l / 2  of the chord. 
c. Some Basic Features  of the F r e e  Streamlines 
I 
In this eection the shape of the free streamlines AD, BD and the lo- 
B 
cation of the points D and D will now be calculated. F i r s t ,  we show that 
the assumed curvature form of the f ree  streamlines,  namely, concave towards 
the cavity, imposes certain conditions on the coefficients A1, A2 and Aj. 
Denote the distance along the streamline $ = 0 by s, positive when away 
I 
f rom the point C. On AD, < = -5 with 1 ) f 2 6 where - t1 is the 
0 
value of a t  D; while on Bb , < = f with 1 2 5 2 e2 where 4 = 
I 
Then the radius of curvature R = - ds/d0 on AD and R = ds/d0 on BD 
should both be positive. We shall f i r s t  consider R on AD. F r o m  the defini- 
tion of fl = 8 t i T and z ( < )  (see Eqs. (3.2),(3.6)), o and n are both 
r e a l  on AD, and hence 
F r o m  this equation it follows that the condition ~ ( 5 )  2 0 for  5 I 1 requires 
Consequently ~ ( 5 )  increases  f rom ~ ( 1 )  = 0 as 5 decreases  f rom 1. A 
1 
similar  requirement for  positive R on BD is, for 5, 5 _< I, 
I t  will be only stated here that these two subsidiary conditions are in general 
satisfied owing to the facts  that the coefficient of the f i r s t  t e rm in Eq. (3.4) is 
positive and that A,'s decrease .rapidly with respect  to Al.  However, no 
further elaboration will be made here on these points. 
A parametric representation x(6(5)) y(5) of the free streamline AD con 
be obtained by integrating Eqo (3.6) along 1; = - 6 f rom 4 = 1 to < 2 r . 
On ADv T = &I a= 0, and hence, referr ing to the point A, we have 
In the above equations cos Q and s i n e  are complicated functions of 5 ,  
To simplify the calculation, we approximate Eqo ( 3 . 3 1 )  by Q = - ( @  + E ) 
on AD, which should be good for B both smal l  and large. Then we obtain 
the following approximate formulas 
Substituting these values into Eqs. (3.29), (3.30) and carrying out the integra- 
To find the location of D, (x,,, YD), we fi;st determine the value 4 1 
corresponding to fl = a€. Then, by letting n = - E and 4 = in 
Eq. ( 3 . 4 ) ,  we obtain 
Using this value of t l ,  one can easily derive f rom Eqs .  (3 .33) ,  ( 3 . 3 4 )  that 
The above value of % and yD may be regarded respectively as the half-length 
and half-width of the cavity. Thus we see that for o small  the cavity length is 
1.1 proportional to rn2# while the cavity width, proportional to o . ~t m a y  also  
be seen that the f ree  streamline near D l ies  close to a parabola 
Then a comparison with Eq. (3.15) shows that the drag X can be expressed by 
which i s  the general formula of Levi-Civita, 16 
Now, in order  to determine these unknown coefficients A1, AZ, A3 and $ 
and thus to exhibit explicitly the effects of cavitation number @# the attack angle 
a and the profile geometry, two specific examples, the c i rcular  a r c  and the flat 
plate, will be worked out below, 
IV, CAVITATING HYDROFOILS WITH CIRCULAR 
ARC AND FLAT PLATE PROFILE 
Eel us f i r s t  consider the hydrofoil having the circular  a r c  profile, with 
radius R and a r c  angle 27 (see Fig. 3). The flat plate is just a special case 
with 7 f - c  0 (R-co), We shall here res t r i c t  ourselves to small  values of c/ , 
say, 7 ( n/4. The a r c  length S and the length 1 of the chord AB a r e  then 
fiow we choose the end points A and B to which the following boundary con* 
ditions are applied: 
(iii), (iv) radiua of curvature at A and B = R = 
The st: four conditions enable us to determine A I ,  A2, A3 and which in turn 
can be used to check the radius of curvature a t  other points on the boundary. 
Applying (i) and (ii) to the definition of O (see Eqs. (3.2), (3.5)), we obtain 
% -  @a = ( 8 1 + r a )  - [ ( d t ~ ) i +  e 2 ] I h  = t A, + A 2 + A 3 ,  
vi? @ A  =-(@:+E') = - T + ~ - T - $ E ~ &  = - 7 1 + ~ - A , + A r - A 3  
In the second equation the value with 1/2 power is expanded for QA is always 
much greater  than 6 , but in the f i r s t  equation no expansion i s  made because 
the ratio E /oB may not be small. Adding and subtracting these two equa- 
tions, we have 
In applying the conditions (iii), (iv), we fir st no te  that a t  B, 7 = 0 and 
Hence, from Eq. (3.10) 
Similarly, application of the boundary condition (iv) at A yields 
fn Eqs. (4.5) and (4.6), J, as  defined by Eq. (3.18), also contains A1,A2,A3 
and Thus Eqs. (4.3)-(4.6) together: with (3.18) represent five transcendental 
equations for five unknowns A1$ AZblA3@f5 and J. The solution, however, can 
easily be approximated with good accuracy by using an iteration procedure. For 
the present purpose, the followirig approximation is sufficient 
whereas J is still given by (3.18). The above result shows that (@-a)# Ale 
2 At and A3 are all of ~ [ r ,  6 ) for all a; and in particular, (P-a), A2 and 
4 A3 reduce to 0 ( $ ~  6 ) for o close to a /2. Moreover, the fact that A j  
I s  much smal ler  .than A indicates a good accuracy of the expansion given by 
Eq. (3.13). If the above quantities a r e  used to check the curvature and slope 
of the solid boundary a t  some other points, say a t  1; = tw/2, one can easily 
2 find that the agreement is within a factor at most  of O(7, 6 ). It should a lso  
be remarked here that if more  t e r m s  were taken in  the expansion (3.13)~ then 
the f i r s t  three coefficients Al, At, A3 would differ slightly from the above 
value (4.8-4.10). However, i t  can be verified that the l%nprovementlt of the 
solution by taking t e r m s  more  than th tce  is actually unappreciable. 
Now we define the conventional drag coefficient, lift coefficient and 
moment coefficient (about the leading edge) a s  follows: 
Then, for 7 not too large ( < 1r/4), we compile some of the previous resul ts  
and note that U = (1 + we finally obtain: 
c,, = y ( I + . +  f J t p ( C L  ad4 + C o h o ( )  (4.14) 
where f3, A1,A2, A3 a r e  given by Eqs. (4.7)-(4.10); J is given by (3.18); 
K, by (3.19); p, by (3.20)~ (3.21) and E = 1/2 l o g ( l +  c). 
The resul ts  for khe flat plate hydrofoil can be deduced from the above ex- 
pressions by putting % = 0. F o r  the c i rcular  a r c  hydrofoil with i t s  convex 
side toward the approaching s t ream a t  positive a (see Fig. 4a), the above 
formulas st i l l  hold if  assume s a negative value. F o r  flow configurations 
with positive 7 but negative a (see  Fig. 4b), the resul ts  a r e  that CD stays 
the same, but CL and CM have oppositive signs as those of flow case (4a). 
There a r e  however, several  points of complication a t  which the above 
resul ts  may become invalid, and thus should be applied with great  care. F i rs t ,  
there in general exists  a certain small  a, say, ap, positive or negative, a t  
which the free streamline AD given by Eqso (3.33), (3.34) would cut into the 
solid boundary. It could be conjectured that a partial cavitation, that is, with 
the r e a r  end of the cavity reattached to the boundary, probably is established 
for a around a The present  theory certainly does not cover partially cavita- 
PO 
ting flows. Second, there i s  another cri t ical  value of a, say, a c  (7 ,  a) a t  
which P = 0, implying that the stagnation point i s  then a t  the leading edge. 
Hence the cavity will shift side on the boundary for a < ac. The value of ac 
is in general l e s s  than a Third, in  flow configurations shown in  Fig, 4, 
P. 
the streamline will be in  a more  cri t ical  position a t  B than a t  A. In other 
words, the flow i s  more  likely to separate in front of 
and thus a r e a r  part of the boundary will be inside the 
cri t ical  condition ,will take place when either the slope 
ture of streamline BDV a t  B is numerically greater  
B for smal l  enough a; 
full cavity, This 
o r  the radius of curva- 
than that of the solid 
boundary a t  B. These points will be touched upon in the following explicit 
calculations, though the clarification of these points requires  further  study. 
a, Inclined F l a t  Plate 
F o r  an inclined flat plate, 0,  and hence Eqs. (4.7)-(4.10) reduce to 
f = O( + [(& ha)'/"- tg] - & ~ l / ( r - d )  (4.15) 
The expressions for GL and GD then can be simplified to: 
In the idealized case of cr = 0 (hence 6 = O), = a and A1, A2, A3 all 
vanish, the above result  then reduces to Rayleighb theory of the oblique lamina 
which are well-known resul ts  (see also Eq. (2.2)). 
F o r  general values of u and a, one more  physical requirement, 
however, should be pointed out. F o r  a fully cavitating flow past the oblique flat 
plate, the local pressure  is everywhere normal to the plate and, besides, there 
is no singular force a t  leading edge as in the noncavitating case. Consequently 
CL and CD should satisfy the condition 
CD/cL = OC for all C( and r, (4.22) 
In the special cases  (i) u- = 0, (ii) a close to n/2 and (F > 0, the above 
condition is obviously satisfied (see  Eqs. (4.20), (4.21)). However, in the 
general case, it is ra ther  difficult to derive this *elation f rom Eqs. (4.18), 
(4.19), because of the complicated manner in which the dependence on a and 
a appears. Under this circumstance, the condition (4.22) can o d y  be used a s  
a check in numerical computation to assure  the cor rec tness  of this theory, 
Another approximate formula for CLt when a i s  small  but o i s  left 
arbi trary,  has been given by Betz, The main idea is f i r s t  to linearize the 
Rayleighfs formula (4.20) to obtain na/2 and then by adding to this quantity 
the pressure  coefficient on the upper suction side, namely, cr, to obtain 
This approximation appears, in general, too rough, 
On the other hand, a s  a increases  the cavity dimension diminishes 
(see  Eqs. (3 .37) ,  (3.38)); Pn some cases  i t  is observed experimentally that the 
cavity collapses completely for  a approximately greater  than 1.5* In the 
lat ter  flow condition CL and CD then resume their noncavitating 
(aerodynamic) value s: 
where Cf i s  the mean friction coefficient on one side of the plate. 
The value of CL given by (4.19) i s  plotted against o for  different values 
of cr in Figs. 5 and 6. The aerodynamic value of CL given by (4.24) i s  also 
shown fo r  comparison. F o r  a given value of cr, there i s  a certain small  a, 
say, up a t  which the cavitating value of CL becomes equal to the aero-  
dynamic value i f  the fully cavitating model i s  assumed still  possible - 
0 (e.g. cr = 4.5 for  tr = 0.4). A further extrapolation (dotted lines) of Eq. 
P 
(44 19), without justification, to smaller  cr would yield an  implausible result  
that the cavitating value of CL would be greater  than i t s  corresponding ae ro-  
dynamic value,, A s  a physical conjecture, this resul t  i s  unacceptable. Instead, 
we expect that near a = a partially cavitating flow takes place, a transitional 
P 
stage between the fully cavitating and fully wetted conditions. This argument i s  
supported by experimental evidence, as  shown by the double-dotted lines in 
Figs. 5 and 6. Thus, the aerodynamic value of CL for a fully wetted hydrofoil 
i s  actually the asymptote to which the cavitating CL a t  every cr approaches 
f rom below a s  a decreases  from a 
P @ 
The value of GD given by Eq. (4.18) is similarly plotted in Figs. 7 and 
8. In the cavitating range of practical interest,  the Reynolds number of the 
5 flow i s  in general very large, say, of the o rder  5 x 10 o r  greater* Then the 
frictional drag coefficient Cf, a s  can be estimated by using the Prandtl- 
Schlichting formula (e. g. ref. 17, p. 33), is of the order  0.005 which is much 
smaller  than the cavity CD for almost  a l l  a and o and can thus be neglected. 
A se r i es  of experiments18 was ca r r i ed  out in the Hydrodynamics Labora- 
tory, California Institute of Technology, a t  about the same time the present 
theoretical resul t  was obtained, En order  to compare the theory with the ex- 
periments, CL and CD a r e  further cross-plotted against o in Figs. 9 and 
* 
10 in which the experimental data a r e  also shown, The agreement i s  very 
good. A s  a further  check, the value cL/CD i s  plotted against a for several  
cr and i s  compared with co ta  in  Fig. 11, The deviation i s  l e s s  than a few 
4 
In these experimental data, the correct ion due to tunnel-wall effect was 
not taken into account. However, the cavitation number cr was computed based 
on the measured cavity pressure  which presumably absorbs  a part  of the wall- 
effect correction. F o r  the detailed description, refer  to Ref. 18). 
30 
percent, implying the accuracy of the present theory, 
Some of the 
here, 
(i) T h e r e s u l t s  
greater  than 4s0, 
asymptote B 
salient points of the previous resul ts  may be summarized 
plotted in Figs, 9 and 10 show that for a large, say, 
the values of CL and CD approach respectively the 
which a r e  shown a s  dotted line s. F o r  a small, they deviate appreciably f rom 
these asymptotes; the deviation i s  much more  marked for CL since here the 
deviation of CD i s  magnified by a factor cot h. F o r  instance, the slope 
dC /do becomes greater  than unity for a < 15' and 0 > 0.2. L 
(ii) I t  is to be noted f rom Figs. 5 and 6 that, af ter  the hydrofoil a t  small  a 
i s  fully cavitated, dcL/da decreases  to values much smaller  than that of 
fully wetted case, which i s  approximately equal to 28. This means that fully 
cavitating hydrofoils a r e  quite insensitive to variations of attack angle a. 
However, the drag coefficient i s  relatively more  sensitive due do the relation 
(4.22). Differentiating Eq. (4.22) with respect to a, we have 
Thus, the percentagewise change of C i s  always greater  than that of C D L' 
The location of the stagnation point, p, = s~/s ,  a s  given by Eqs. (3.18) 
and (3.20), is plotted in Fig. 12 for this oblique flat plate by using the quantities 
given in  Eqs. (4.15)-(4.17). It is  of interest to note that D has really neggli- 
gible effect on p, Witli the a id  of Figs. 9, 10 and 12, the moment coefficient 
C ~ o  
about the leading edge of the flat plate (see Eq. (4.14) with 'f = 0) is 
Iurther computed and plotted against o in Fig. 13. The theoretical value 
of CMo is a lso  in fa i r  agreement with the experimental datae18 F r o m  these 
resul ts  the location of the center of pressure  
can be easily deduced. The resul t  shows that v,  like p, is also independent 
. of o for a l l  practical range of s (see Fig. 12). It var ies  almost  linearly from 
one-third chord a t  small  u to half-chord at a - s/2.  
The location of the f ree  streamlines, a s  given by Eqs. (3.33), (3.34), 
is computed and plotted for a = 10' in Fig. 14. 
b. An Example of Circular A r c  Hydrofoils; Fur the r  Discussions 
With a knowledge of some essential hydrodynamic features of the flat 
plate hydrofoil, we may further note severa l  general characterist ics  of the 
camber effect in cavity flows by examining the c i rcular  a r c  profile, 
F i rs t ,  when both and 6 a r e  assumed to be small, then a t  a = r /~ ,  
we have 
and hence 
Therefore 
These equations then represent  the effect of camber on pure drag problems. 
Second, in  o rder  to exhibit the effect of camber on CL and CD for  
all a, we consider the limiting case E 4 O and -+ 0 , in which case 
It then follows from Eqs, (4,12), (4.13) that a s  h --r 0, 7-4 0, 
Therefore, 
as e l - 0 ,  7 - 0  and E-0, (4. 31) 
This  resul t  shows that for smal l  positive camber is very favorable for in- 
creasing CL with negligible effect on CD. On the other hand, when r i s 
so  large  that the hydrofoil is fully wetted, then we obtain the well-known 
aerodynamic value of CL : 
from which we derive 
Although the value of dCL/dY for fully cavitated hydrofoil i s  l e s s  than that in 
fully wetted flow, a comparison, however, can be made on a different basis, 
If we compare these values a t  the same effective angle of attack (aerodynamic) 
then the aerodynamic value of CL is almost  the same for same a but 
e' 
the cavitated value of CL still  increases  with increase in -( , holding ae 
fixed, The ra te  of increase in this case can be estimated to be dcL/d7 = 1/2 
a t  equal a,. The influence of  1 on CL and CD a t  o = O is shown in Figs. 
15 and 16 for two particular values of 7 , 4' and 8'. 
Rosenhead proposed an empirical  formula for smal l  cambers  a t  o = 0 
2 
a s  follows: 
and 
where the angle 8 can be computed according to Rosenheadts formulation. 
The value of is in general veiy  close to a. Equation (4.35) i s  plotted in 
Fig. 15 for several  points with ^(= 8'. The resul t  shows that this formula 
is in good agreement with the present theory for a small. 
Finally, we present here some explicit resul ts  of a numerical example 
with 7 = 8O to show the over-all  effects due to o, a, and y .  Since both 
CL(u, a , a) and cD(lr, 7 ,  a) approach their asymptotes (1 + s) ~ ~ ( 0 ,  7, a)
0 
and (1  + c) CD(O,T , a) for a large, the calculation i s  limited here to a $30  . 
G 
F o r  lo0( a < 30°, the calculated values of CL and CD a r e  plotted against 
lr in  Figs.  17 and 18 together with some experimental data.18 The agreement 
here may a lso  be considered a s  good. 
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